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What	  have	  you	  been	  reading	  lately?	  
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The	  Wright	  Flyer	  
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What	  is	  driving	  this	  escala8on	  of	  cost?	  
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Due to 
Complexity 

Source:	  DARPA	  TTO	  (2008)	  



Functional Requirements Explosion 



Two	  Dimensions	  of	  Complexity	  
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Structural	  DSM	  of	  Wright	  Flyer	  
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Physical connection
Mass flow
Energy flow
Information flow

Legend

Design	  Structure	  Matrix	  (DSM)	  –	  captures	  structure	  of	  elements	  of	  form	  

DSM	  18x18	  
	  
Connec8ons	  
62	  Physical	  
4	  Mass	  Flow	  
11	  Energy	  Flow	  
9	  Info	  Flow	  
Total:	  86	  	  
	  
NZF	  =	  86/1,224	  
=	  7%	  density	  
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Form	  of	  a	  Simple	  System	  

• Generally	  5-‐9	  parts	  (7+/-‐	  2)	  
• At	  level	  -‐1	  we	  encounter	  real	  or	  atomic	  parts	  	  

q  A	  part	  cannot	  be	  taken	  a-‐part	  without	  loosing	  its	  func8onality	  or	  integrity	  
q  Defini8on	  of	  what	  is	  a	  part	  is	  not	  always	  unambiguous	  

• Tree	  structure	  is	  symbolic	  

Level	  
	  
0	  
	  
	  
	  
-‐1	  

SYSTEM	  

Part	  1	   Part	  2	   ………...	  
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Form	  of	  a	  ‘Medium’	  System	  

Level	  
	  
0	  
	  
	  
	  
-‐1	  
	  
	  
	  
-‐2	  

SYSTEM	  

Sub-‐System	  1	   Sub-‐System	  2	  

…	  

Part	  1.1	   …	  

…	  ...	  

Part	  1.2	   Part	  2.1	   Part	  2.1	  

…	  

Medium	  systems	  typically	  need	  2-‐3	  layers	  of	  decomposi%on	  
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L0:	  Top	  Kit	  Collector	  
L-‐1:	  Elec	  Harness	  Sub	  Kit	  

L-‐1:	  Avionics	  Sub	  Kit	  
L-‐1:	  Airframe	  Sub	  Kit	  

L-‐2:	  Turret	  

Avionics	  

L-‐2:	  Cockpit	  

Avionics	   L-‐2:	  Cockpit,	  LBL	  Beam	   L-‐2:	  Cockpit,	  RBL	  Beam	  

L-‐2:	  Nose	  Floor	  
L-‐2:	  Turret	  Support	  

L-‐2:	  Cabin	  

L-‐3:	  Adds/Removes	  	  
Hardware	  &	  Details	  

L-‐2:	  Transi6on	  

Example	  :	  FLIR	  System	  Decomposi8on	  



Why	  do	  we	  need	  system	  decomposi8on?	  

13	  Image	  Source:	  h5p://www.teslamotorsclub.com/showthread.php/29692-‐How-‐many-‐moving-‐parts-‐in-‐a-‐Model-‐S/page3	  	  



Here	  is	  a	  ques8on	  for	  you	  …	  

•  How	  many	  levels	  of	  decomposi8on	  (depth	  of	  drawing	  tree)	  do	  
we	  need	  to	  describe	  the	  car	  shown	  in	  the	  previous	  picture?	  
–  1	  
–  2	  
–  3	  
–  4	  
–  5	  
–  6	  
–  >6	  
–  Ques8on	  is	  unclear	  to	  me	  
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h5p://8ny.cc/decomp	  	  



Magic	  Number	  7+/-‐2	  

•  Human	  Cogni8ve	  Limits	  for	  Processing	  Informa8on	  
•  George	  Miller	  (1956)	  
•  h5p://www.musanim.com/miller1956/	  

15	  

Auditory	  Pitch	  	  
Experiments	  

Posi8on	  of	  a	  Pointer	  	  
on	  Linear	  Interval	  
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How	  many	  levels	  of	  decomposi8on?	  

•  Screwdriver	   	  (B&D) 	   	   	   	  3 	   	   	   	  1 	   	  	  
•  Roller	  Blades	  (Bauer)	   	   	   	  30 	   	   	   	  2	  
•  Inkjet	  Printer	  (HP) 	   	   	   	  300	   	   	   	  3	  
•  Copy	  Machine 	  (Xerox) 	   	   	  2,000 	   	   	  4	  
•  Automobile 	  (GM,	  VW	  …) 	   	  10,000 	   	   	  5	  
•  Airliner	   	   	  (Boeing) 	   	   	  100,000 	   	  6	  

How many levels in drawing tree? 
Assume 7-tree 

log(# )#
log(7)
partslevels ⎡ ⎤

= ⎢ ⎥
⎢ ⎥

~ #parts #levels simple 

complex 
Source:	  Ulrich,	  K.T.,	  Eppinger	  S.D.	  ,	  Product	  Design	  and	  Development	  
Second	  Edi8on,	  McGraw	  Hill,	  2nd	  edi8on,	  2000,	  Exhibit	  1-‐3	  
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Elaine	  Weyuker’s	  (1998)	  criteria	  

Any	  valid	  metric	  for	  complexity	  should	  demonstrate	  the	  following	  broad	  
characteris6cs	  (i.e.,	  they	  act	  as	  necessary	  condi:ons	  or	  as	  axioms):	  

18	  

1)  Invariant	  to	  relabeling	  (i.e.,	  isomorphism).	  

2)  Possible	  to	  have	  different	  system	  architectures	  have	  the	  same	  complexity	  level.	  

3)  Differen8ate	  between	  system	  architectures.	  	  

4)  System	  structure	  at	  least	  par8ally	  determines	  complexity	  of	  func8onally	  
equivalent	  systems.	  	  

5)  Changes	  in	  internal	  architectural	  pa5erns	  ,	  without	  changes	  in	  system	  size,	  
impact	  the	  level	  of	  structural	  complexity.	  	  

6)  Changing	  subsystem	  interfacing	  pa5erns	  impact	  structural	  complexity.	  

7)  A	  system	  is	  structurally	  more	  complex	  than	  the	  sum	  of	  complexi8es	  of	  its	  
cons8tuent	  subsystems.	  [whole	  is	  larger	  than	  the	  sum	  of	  parts]	  



The	  Structural	  Complexity	  Metric	  

	  Structural	  Complexity,	  	  
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  C = C1 +C2.C3

Complexity	  due	  to	  pair-‐wise	  
component	  interac8ons	  (number	  and	  
heterogeneity	  of	  interac8ons)	  

Complexity	  due	  to	  components	  alone	  
(number	  and	  heterogeneity	  of	  components)	  

Complexity	  due	  to	  topological	  forma8on	  
(a	  scaling	  factor)	  –	  due	  to	  dependency	  
structure	  	  

This	   func8onal	   form	   inspired	   by	   the	  
solu8on	   of	   the	   steady-‐state	   Schrodinger	  
equa%on	   of	   organic	   molecular	   systems	  
[Gutman	  1978,	  2000].	  



System	  Hamiltonian	  and	  Complexity	  
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12 2 The Chemical Connection

Fig. 2.1 Biphenylene H is a typical conjugated hydrocarbon. Its carbon–atom skeleton is
represented by the molecular graph G. The carbon atoms in the chemical formula H and the
vertices of the graph G are labeled by 1; 2; : : : ; 12 so as to be in harmony with Eqs. (2.2) and
(2.3)

In the HMO model, the wave functions of a conjugated hydrocarbon with n
carbon atoms are expanded in an n-dimensional space of orthogonal basis functions,
whereas the Hamiltonian matrix is a square matrix of order n, defined such that

ŒH!ij D

8
ˆ̂̂
<

ˆ̂̂
:

˛ if i D j

ˇ if the atoms i and j are chemically bonded

0 if there is no chemical bond between the atoms i and j :

The parameters ˛ and ˇ are assumed to be constants, equal for all conjugated
molecules. Their physical nature and numerical value are irrelevant for the present
considerations; for details see [76, 101, 503].

For instance, the HMO Hamiltonian matrix of biphenylene is

H D

2

666666666666666666664

˛ ˇ 0 0 0 ˇ 0 0 0 0 0 0

ˇ ˛ ˇ 0 0 0 0 0 0 0 0 ˇ

0 ˇ ˛ ˇ 0 0 0 0 0 0 ˇ 0

0 0 ˇ ˛ ˇ 0 0 0 0 0 0 0

0 0 0 ˇ ˛ ˇ 0 0 0 0 0 0

ˇ 0 0 0 ˇ ˛ 0 0 0 0 0 0

0 0 0 0 0 0 ˛ ˇ 0 0 0 ˇ

0 0 0 0 0 0 ˇ ˛ ˇ 0 0 0

0 0 0 0 0 0 0 ˇ ˛ ˇ 0 0

0 0 0 0 0 0 0 0 ˇ ˛ ˇ 0

0 0 ˇ 0 0 0 0 0 0 ˇ ˛ ˇ

0 ˇ 0 0 0 0 ˇ 0 0 0 ˇ ˛

3

777777777777777777775

(2.2)

which can be written also as

2.1 Hückel Molecular Orbital Theory 13

H D ˛

2

666666666666666666664

1 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 1

3

777777777777777777775

C ˇ

2

666666666666666666664

0 1 0 0 0 1 0 0 0 0 0 0

1 0 1 0 0 0 0 0 0 0 0 1

0 1 0 1 0 0 0 0 0 0 1 0

0 0 1 0 1 0 0 0 0 0 0 0

0 0 0 1 0 1 0 0 0 0 0 0

1 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 1

0 0 0 0 0 0 1 0 1 0 0 0

0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0 1 0 1 0

0 0 1 0 0 0 0 0 0 1 0 1

0 1 0 0 0 0 1 0 0 0 1 0

3

777777777777777777775

: (2.3)

The first matrix on the right-hand side of Eq. (2.3) is just the unit matrix of order
n D 12, whereas the second matrix can be understood as the adjacency matrix of a
graph on n D 12 vertices. This graph is also depicted in Fig. 2.1 and in an obvious
manner corresponds to the underlying molecule (in our example, to biphenylene).

From the above example, it is evident that also in the general case within
the HMO model, one needs to solve the eigenvalue–eigenvector problem of an
approximate Hamiltonian matrix of the form

H D ˛ In C ˇA.G/ (2.4)

where ˛ and ˇ are certain constants, In is the unit-matrix of order n, and A.G/ is
the adjacency matrix of a particular graph G on n vertices that corresponds to the
carbon–atom skeleton of the underlying conjugated molecule.

As a curiosity, we mention that neither Hückel himself nor the scientists who
did early research in HMO theory were aware of the identity (2.4), which was first
noticed only in 1956 [139].

As a consequence of Eq. (2.4), the energy levels Ej of the !-electrons are related
to the eigenvalues "j of the graph G by the simple relation

Ej D ˛ C ˇ "j I j D 1; 2; : : : ; n:

In addition, the molecular orbitals, describing how the !-electrons move within the
molecule, coincide with the eigenvectors  j of the graph G.

In the HMO approximation, the total energy of all !-electrons is given by

E! D
nX

jD1
gj Ej

where gj is the so-called occupation number, the number of !-electrons that move
in accordance with the molecular orbital  j . By a general physical law, gj may
assume only the values 0, 1, or 2.
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3
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(2.2)

which can be written also as

! CbC!

O12/.3! ?&"\! %18F3+$H3+3! 1,! 5! -$8105H! 0*+[/25-36! F$6.*05.#*+&! @-,! 05.#*+l5-*E! ,W3H3-*+! 1,!

.38.3,3+-36!#$!-F3!E*H30/H5.!2.58F!H&!LF3!05.#*+!5-*E,!1+!-F3!0F3E105H!A*.E/H5!K!5+6!-F3!73.-103,!

*A!-F3!2.58F!Q!5.3!H5#3H36!#$!"(!C(!{!(!"C&!!
!

@+! -F3!K>N!E*63H(! -F3!X573! A/+0-1*+,!*A!5! 0*+[/25-36!F$6.*05.#*+!X1-F!2!

05.#*+!5-*E,!5.3!3Z85+636!1+!5+!+Y61E3+,1*+5H!,8503!*A!*.-F*2*+5H!#5,1,!A/+0-1*+,(!

XF3.35,!-F3!K5E1H-*+15+!E5-.1Z!1,!5!,I/5.3!E5-.1Z!*A!*.63.!2(!63A1+36!5,\!!

!

!

!
!

?,,/E3!-F5-!-F3!85.5E3-3.,!! 5+6!! !5.3!5,,/E36!-*!#3!0*+,-5+-,(!3I/5H!A*.!
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!

!

!

!

!

!

!

!
!

!
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0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0
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2

666666666666666666664

0 1 0 0 0 1 0 0 0 0 0 0

1 0 1 0 0 0 0 0 0 0 0 1

0 1 0 1 0 0 0 0 0 0 1 0

0 0 1 0 1 0 0 0 0 0 0 0

0 0 0 1 0 1 0 0 0 0 0 0

1 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 1

0 0 0 0 0 0 1 0 1 0 0 0

0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0 1 0 1 0

0 0 1 0 0 0 0 0 0 1 0 1

0 1 0 0 0 0 1 0 0 0 1 0

3
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: (2.3)

The first matrix on the right-hand side of Eq. (2.3) is just the unit matrix of order
n D 12, whereas the second matrix can be understood as the adjacency matrix of a
graph on n D 12 vertices. This graph is also depicted in Fig. 2.1 and in an obvious
manner corresponds to the underlying molecule (in our example, to biphenylene).

From the above example, it is evident that also in the general case within
the HMO model, one needs to solve the eigenvalue–eigenvector problem of an
approximate Hamiltonian matrix of the form

H D ˛ In C ˇA.G/ (2.4)

where ˛ and ˇ are certain constants, In is the unit-matrix of order n, and A.G/ is
the adjacency matrix of a particular graph G on n vertices that corresponds to the
carbon–atom skeleton of the underlying conjugated molecule.

As a curiosity, we mention that neither Hückel himself nor the scientists who
did early research in HMO theory were aware of the identity (2.4), which was first
noticed only in 1956 [139].

As a consequence of Eq. (2.4), the energy levels Ej of the !-electrons are related
to the eigenvalues "j of the graph G by the simple relation

Ej D ˛ C ˇ "j I j D 1; 2; : : : ; n:

In addition, the molecular orbitals, describing how the !-electrons move within the
molecule, coincide with the eigenvectors  j of the graph G.

In the HMO approximation, the total energy of all !-electrons is given by

E! D
nX

jD1
gj Ej

where gj is the so-called occupation number, the number of !-electrons that move
in accordance with the molecular orbital  j . By a general physical law, gj may
assume only the values 0, 1, or 2.

   

επ = nα + β hiσ i
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Introduce	  a	  no8on	  of	  of	  configura%on	  energy:	  

   

Ξ := nα̂
C1

 + mβ̂
C2


E( A)

n
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⎠⎟
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= C1 +C2C3

  

C = C1 +C2C3
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Use	   the	   above	   func8onal	   form	   to	   measure	   the	   complexity	  
associated	   to	   the	   system	   structure	   –	  Structural	   Complexity	  of	  
the	   system	   where	   α’s	   stand	   for	   component	   complexity	   while	  	  
β’s	  stand	  for	  interface	  complexity:	  

  
ε i =α + βσ i;  επ = hi ε i

i=1

n

∑    

! S;!

 H! = "!         (2.1) !!
!

XF3.3!! 1,! -F3! X573! A/+0-1*+! *A! -F3! ,$,-3E! 0*+,163.36(! R! 1,! -F3! K5E1H-*+15+!
*83.5-*.! *A! -F3! ,$,-3E! 0*+,163.36(! 5+6!! !1,! -F3! 3+3.2$! *A! -F3! ,$,-3E! 0*+,163.36&!
cF3+! 588H136! -*! 5! 85.-10/H5.! E*H30/H3(! -F3! B0F.*61+23.! 3I/5-1*+! 3+5#H3,! *+3! -*!
3,-5#H1,F!-F31.!3+3.213,!#$!,*H71+2!3I&!C&"(!XF10F!1,!5+!3123+Y,$,-3E!8.*#H3E!*A!-F3!
K5E1H-*+15+!*83.5-*.(!5+6!5H,*!63,0.1#3!-F3!#3F571*.!*A!-F3!3H30-.*+,&!!

! ?00*.61+2! -*! -F3! K/0W3H_,! E*H30/H5.! *.#1-5H! -F3*.$! :K>N! -F3*.$=(!
X573!A/+0-1*+,!*A!5!0*+[/25-36!F$6.*05.#*+!X1-F!2!05.#*+!5-*E,!5.3!3Z85+636!1+!
5+! +Y61E3+,1*+5H! ,8503! *A! *.-F*2*+5H! #5,1,! A/+0-1*+,(! XF3.35,! -F3! K5E1H-*+15+!
E5-.1Z!1,!5!,I/5.3!E5-.1Z!*A!*.63.!2(!63A1+36!5,\!!

!

!
!

?00*.61+2!-*!-F3!K>N!E*63H(!*+3!+336,!-*!,*H73!-F3!3123+!,$,-3E!8.*#H3E!*A!
5+!588.*Z1E5-3!K5E1H-*+15+!E5-.1Z!*A!-F3!A*.E\!

!

  H =! In + "A(G)       (2.2) !!
!

XF3.3!! 5+6!! !5.3!03.-51+!0*+,-5+-,(!6+!1,!-F3!163+-1-$!E5-.1Z!*A!*.63.!2(!5+6!+:Q=!1,!
-F3!56[503+0$!E5-.1Z!*A!-F3!2.58F!Q!*+!2!73.-103,!0*..3,8*+61+2!-*!-F3!05.#*+l5-*E!
,W3H3-*+!*A!-F3!/+63.H$1+2!E*H30/H3&!LF3!5#,*H/-3!3+3.2$!H373H,! ! i *A!-F3!! !3H30-.*+,!

5.3! .3H5-36! -*! -F3! ,1+2/H5.! 75H/3,! ! i *A! -F3! 2.58F! H! :63-3.E1+36! #$! -F3! ,1+2/H5.!

75H/3,!*A!-F3!#1+5.$!56[503+0$!E5-.1Z(!?=!#$!-F3!,1E8H3!.3H5-1*+\!
!

 ! i =" + #$ i       (2.3) !!
!

9,1+2!-F3!K>N!588.*Z1E5-1*+(!-F3!A*.E!*A!-*-5H!3+3.2$!*A!5HH!! !3H30-.*+,!05+!
#3!3Z8.3,,36!5,\!

12 2 The Chemical Connection

Fig. 2.1 Biphenylene H is a typical conjugated hydrocarbon. Its carbon–atom skeleton is
represented by the molecular graph G. The carbon atoms in the chemical formula H and the
vertices of the graph G are labeled by 1; 2; : : : ; 12 so as to be in harmony with Eqs. (2.2) and
(2.3)

In the HMO model, the wave functions of a conjugated hydrocarbon with n
carbon atoms are expanded in an n-dimensional space of orthogonal basis functions,
whereas the Hamiltonian matrix is a square matrix of order n, defined such that

ŒH!ij D

8
ˆ̂̂
<

ˆ̂̂
:

˛ if i D j

ˇ if the atoms i and j are chemically bonded

0 if there is no chemical bond between the atoms i and j :

The parameters ˛ and ˇ are assumed to be constants, equal for all conjugated
molecules. Their physical nature and numerical value are irrelevant for the present
considerations; for details see [76, 101, 503].

For instance, the HMO Hamiltonian matrix of biphenylene is

H D

2

666666666666666666664

˛ ˇ 0 0 0 ˇ 0 0 0 0 0 0

ˇ ˛ ˇ 0 0 0 0 0 0 0 0 ˇ

0 ˇ ˛ ˇ 0 0 0 0 0 0 ˇ 0

0 0 ˇ ˛ ˇ 0 0 0 0 0 0 0

0 0 0 ˇ ˛ ˇ 0 0 0 0 0 0

ˇ 0 0 0 ˇ ˛ 0 0 0 0 0 0

0 0 0 0 0 0 ˛ ˇ 0 0 0 ˇ

0 0 0 0 0 0 ˇ ˛ ˇ 0 0 0

0 0 0 0 0 0 0 ˇ ˛ ˇ 0 0

0 0 0 0 0 0 0 0 ˇ ˛ ˇ 0

0 0 ˇ 0 0 0 0 0 0 ˇ ˛ ˇ

0 ˇ 0 0 0 0 ˇ 0 0 0 ˇ ˛

3

777777777777777777775

(2.2)

which can be written also as



Simple	  Molecule	  

21	  
Molecule	  #10	  



Complex	  Molecule	  

22	  
h5ps://en.wikipedia.org/wiki/Erythropoie8n	  	  



Valida8on	  using	  Human	  Experiments	  

Ø  Empirical	  valida8on	  of	  the	  structural	  complexity	  metric	  
	  -‐ 	  Recruited	  volunteer	  test	  subjects.	  
	  -‐ 	  Provided:	  (a)	  ball	  and	  s8ck	  chemistry	  toolkit;	  	  
	   	   	   	  (b)	  a	  set	  of	  pictures	  of	  molecules	  to	  be	  built.	  
	  -‐ 	  Task:	  Assemble	  the	  depicted	  architecture.	  

	  

Ø  Record	  for	  each	  model	  (for	  each	  individual)	  
	  -‐ 	  C	  =	  computed	  structural	  complexity	  
	  -‐ 	  T	  =	  [8me	  to	  build,	  including	  rework	  if	  any]	  

C 

T 

Hypothesis:	  
High	  Structural	  Complexity	  

leads	  to	  measurably	  …	  

Slower	  Progress	  (Cogni8on;	  
Schedule)	  

Higher	  Error-‐rate	  (Rework)	  
23	  

#	  Molcules:	  12	  
#	  Subjects:	  17	  



Molecule'No. n m C1 C2 C3='E(A)/n C2*C3 SC'='C1'+'C2*C3
1 3 4 0.3 0.4 0.94 0.38 0.68
2 7 12 0.7 1.2 1.13 1.35 2.05
3 12 22 1.2 2.2 1.13 2.48 3.68
4 12 22 1.2 2.2 1.00 2.20 3.40
5 12 22 1.2 2.2 1.27 2.80 4.00
6 14 26 1.4 2.6 0.96 2.50 3.90
7 15 28 1.5 2.8 0.97 2.70 4.20
8 15 28 1.6 3 1.40 4.21 5.81
9 19 38 1.9 3.8 1.58 6.00 7.90
10 27 56 2.7 5.6 1.08 6.05 8.75
11 39 79 3.9 8 1.12 8.96 12.86
12 46 99 4.6 10 1.19 11.92 16.52

16	   30	  

80	  
100	  

Experimental	  Design	  (12	  molecules)	  



Experimental	  Results	  are	  super-‐linear	  
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Building time (sec) vs. Structural Complexity
Prediction

Model&func+onal&form! Y&=&aXb!

Model&parameters&{a,&b}! {&14.68,&1.4775}!

Coefficient&of&mul+ple&determina+on&(R2)! 0.992!

Mean&magnitude&of&rela+ve&error&(MMRE)! 0.107!

PRED&(0.25)&! 0.9167!

Significance&test&(parameters)! ta&=&28.2,&tb&=&30.67&(>t0=&2.131)!

Significance&of&regression&model&(F&test)! f&=&124&>&f0.05,1,10&=&4.54!

  α = 0.1,  ∀i; β = 0.1,  ∀i, j

25	  

  Standard Deviation of build time, Ysd = 8.48X*
1.3

  

Structural Complexity, C = O(n1.08 )← mild super-linearity
Average build time, t = O(C1.48 )← strong super-linearity

#	  Models:	  12	  
#	  Subjects:	  17	  



Empirical	  Observa8on	  about	  Modularity	  

26	  

•  Avoid	  ‘complexity	  trap’	  by	  
understanding	  higher	  level	  pa5erns	  -‐	  	  
individual	  cogni8ve	  ability!	  

•  Significant	  reduc8on	  in	  percep%ve	  
complexity	  or	  complicatedness	  -‐	  

Structural(Complexity(

Complicatedness( Some	  individuals	  are	  able	  to	  
avoid	  ‘complexity	  trap’	  while	  
other	  can’t	  –	  ability	  to	  ‘see’	  or	  
‘infer’	  modular	  structures	  …	  



>#5"/#"53$)<-+0$'1%#2)S'#5%/()

6 

•  k-7$9+12&-3*+&2.7$/8%7)&/+)9&+/)-8.)8-7%+4&$&24&2.*+7#"23+."#$"2&2)/+724+-&%7)&/+)"+
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  C = C1 +C2.C3

,1?@AB+!"#$%&'()*+,&)-(./+

Structural	  Complexity	  Metric	  

   

A =UΣV T

=> A = σ i
i=1

n

∑ uivi
T

Ri

A =

0 0 1 0 1
0 0 1 0 1
1 1 0 1 0
0 0 1 0 0
1 1 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
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Example:	  Cyber-‐Physical	  System	  

Controller	  

Pump	  Valve	  

Filter	  

Motor	  

Sample System 

0 0 1 0 1
0 0 1 0 1
1 1 0 1 0
0 0 1 0 0
1 1 0 0 0

A

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

aggrega8on	  

Component(( ID( Complexity(
Controller( 1( 1.5(
Pump( 2( 1.0(
Valve( 3( 0.3(
Filter( 4( 0.3(
Motor( 5( 1.2(

( Comp.&1& Comp.&2& 1/c(k)&
1& 3& 0.05&
1& 3& 0.10&
1& 3& 0.15&
1& 5& 0.05&
1& 5& 0.10&
2& 3& 0.05&
2& 3& 0.10&
2& 5& 0.05&
2& 5& 0.15&
3& 4& 0.05&
3& 4& 0.10&

&

Denman	  J.,	  SDM	  Thesis,	  2011	  

4.5 5 5.5 6 6.5 7 7.5 8
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Structural Complexity Estimate, C

Point EstimateMean70 percentile Value

SC	  =	  C1	  +	  C2C3	  

Structural	  Complexity	  Es8mate,	  C	  

  
βij

(k ) = g(α i ,α j ,c
(k ) )

βij
(k ) =

max(αi ,α j )
c(k )

,  

∀αi ,α j ≠ 0, k is the interface type

αm#a# b#

(b-‐αm)	  =	  p(αm-‐a)	  	  

28	  

  

p ∈[1.0;3.0]
a ∈[0.8αm;0.9αm]
b∈[1.1αm;1.6αm]



Construct	  Validity:	  Weyuker’s	  Criteria	  

29	  

! S<!

3E8F5,1^3!5,!,F*X+!1+!-5#H3!C&"!#3H*X&!M*-3!-F5-!-F3!2.58F!3+3.2$!:1+-.*6/036!H5-3.!

1+!,30-1*+!C&b=!,5-1,A13,!c3$/W3._,!0.1-3.15!XF1H3!#31+2!0*E8/-5#H3!A*.!H5.23!2.58F,!

:A*.! 63-51H,! *+! 8.**A,(! 8H35,3! .3A3.! -*! 0F58-3.! U! *A! -F1,! -F3,1,=&! LF1,! E5W3,! 1-! 5!

A/+65E3+-5HH$!.12*.*/,!5+6!8.50-105H!0*E8H3Z1-$!E35,/.3&!@-!05+!#3!,F*X+!-F5-!5+$!

5AA1+3! -.5+,A*.E5-1*+! *A! -F1,! E3-.10! 5H,*! ,5-1,A13,! -F3! c3$/W3._,! 0.1-3.15&! LF3!

6383+63+03!*A!0*E8/-36!2.58F!3+3.2$!*+!-F3!H373H!*A!5#,-.50-1*+(!/,36!-*!.38.3,3+-!

5!,$,-3E(!1,!A*/+6!-*!#3!.3H5-173H$!X35W!1+!-F3!8.1+-!,$,-3E!05,3!,-/6$!:,33!0F58-3.!

e=&!LF3!5,830-!*A!%*+,'-./"0(4&,!6/3!-*!61AA3.3+03!1+!-F3!H373H!*A!5#,-.50-1*+!A*.!-F3!

,5E3!,$,-3E!1,!61,0/,,36!1+!0F58-3.!g&!
!

L5#H3!C&"\!!P1,-!*A!3Z1,-1+2!0*E8H3Z1-$!E3-.10,!,F*X1+2!-F31.!0*E8/-5#1H1-$!5+6!XF3-F3.!-F3$!,5-1,A$!

c3$/W3._,!0.1-3.15&!Q.58F!'+3.2$!,-5+6,!*/-!5,!#*-F!0*E8/-5#H3!5+6!,5-1,A13,!c3$/W3._,!0.1-3.15!5+6!

3,-5#H1,F3,!1-,3HA!5,!5!-F3*.3-105HH$!75H16!E35,/.3!:1&3&(!0*+,-./0-!75H161-$=!*A!0*E8H3Z1-$&!
!

!
!

?!85.-10/H5.!0*+03.+!X1-F!-F3!X*.W!6*+3!1+!-F3!5.35!*A!0*E8H3Z1-$!3,-1E5-1*+!

1,!-F5-! H3,,!-F5+!*+3YA1A-F!*A!-F3!,-/613,!373+!5--3E8-36!-*!8.*7163!,*E3!632.33!*A!

*#[30-173! I/5+-1A105-1*+! *A! 0*E8H3Z1-$! oL5+2! 5+6! B5HE1+3+! CDD"p&! LF3! 5,830-! *A!

3E81.105H! 75H165-1*+! X1HH! #3! F5+6H36! 1+! 0F58-3.! S! 5+6! e! -F5-! 1+0H/63,! ,1E8H3!

Complexity Measure Computability Aspect emphasized Weyuker’s Criteria

Number of components 
[Bralla, 1986] ! Component development 

(count-based measure) "

Number of interactions 
[Pahl and Beitz, 1996] ! Interface development 

(count-based measure) "

Whitney Index [Whitney 
et al., 1999] ! Components and interface 

developments "

Number of loops, and 
their distribution [] " Feedback effects "

Nesting depth 
[Kerimeyer and 

Lindemann, 2011]
" Extent of hierarchy "

Graph Planarity [Kortler 
et al., 2009] ! Information transfer 

efficiency "

CoBRA Complexity 
Index [Bearden, 2000] ! Empirical correlation in 

similar systems "

Automorphism-based 
Entropic Measures 

[Dehmer et al., 2009]
"

Heterogeneity of network 
structure, graph 
reconfigurability

!

Matrix Energy / Graph 
Energy ! Graph Reconstructabality !

•  Graph	   Energy	   stands	   out	   as	   both	   computable	   and	   sa8sfies	   Weyuker’s	   criteria	   and	  
establishes	  itself	  as	  a	  theore8cally	  valid	  measure	  (i.e.,	  construct	  validity)	  of	  complexity.	  
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Complexity	  should	  be	  abstrac8on-‐Invariant	  

DSM$attribute! Coarse$Representation! Finer$representation!

System!size,!N! 50! 91!

C3! 1.3534! 1.3597!
!

Functional*Area* Coarse*DSM*(50x50)* Fine*DSM*(91x91)*
ROS$Assembly$ 4$ 10$

Marking$elements$ 16$ 38$
Paper$Path$ 7$ 12$

$

Digital	  Prin8ng	  Press	  (Xerox)	  Example	  



Why	  should	  we	  care	  about	  complexity?	  
	  

How	  do	  we	  quan8fy	  complexity?	  
	  

How	  to	  be5er	  manage	  complexity?	  
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Topological	  Complexity:	  Important	  Proper8es	  
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Increasing*Topological*Complexity*
(C3)*

Centralized*architecture*

“Hierarchical”*Architecture*

“Distributed”*Architecture*
Simple'components'/'cons.tuents'/'
building'blocks'with'intricate'
connec.vity'structure'

Complex'components'/'cons.tuents'/'
building'blocks'with'simple'connec.vity'
structure'

! bD!

?,! X3! 05+! *#,3.73(! -F3! ,8.356! 0*/H6! #3! I/1-3! H5.23(! 2173+! -F3! +/E#3.! *A!

+*63,!*.!0*E8*+3+-,!1+!-F3!,$,-3E!5+6!75.13,!5,!-F3!,I/5.3!.**-!*A!-F3!+/E#3.!*A!

0*E8*+3+-,!:3&2&(!+*63,=&!
!

WQH!L.5+,H5-1+2!-F3!.3,/H-1+2!2.58F!,-./0-/.3,!-*!,$,-3E!5.0F1-30-/.5H!85--3.+,(!X3!

5,,*015-3!-$8105H!-*8*H*2105H!0*E8H3Z1-$!E3-.10!  C3 !75H/3,!-*!-F*,3!A*.E,\!

  Centralized Architecture !  hypoenergetic, C3 <1 !!

  Hierarchical / layered  Architecture !  transitional, 1" C3 < 2 !!

  Distributed Architecture! hyperenergetic, C3 " 2 !!
!

!
O12&!U&<\!B830-./E!*A!5.0F1-30-/.5H!85--3.+,!#5,36!*+!-*8*H*2105H!0*E8H3Z1-$!E3-.10&!

!

WQ[!LF3.3!3Z1,-,!5!A1+1-3!+/E#3.!*A!0*++30-36!2Y73.-3Z!2*2%*7,-%"#&'>(-A$/-2-#4-"/%!

2.58F,!A*.!373.$!2!)!CD!oP1!-"(&';(!CD"Cp&!!
!

WQ5F!P3-!?(!%!5+6!)!#3!,I/5.3!E5-.103,!*A!,1^3!2(!,/0F!-F5-!?!y!%!a!)&!LF3+!!

  E( A)+ E(B) ! E(C) !!

LF1,!1,!-3.E36!-F3!%*&'-7%-2%-!*A!-X*!2.58F,!Y!E3.21+2!*A!-X*!2.58F,!X1-F*/-!!!

1+-.*6/0-1*+!*A!5+!5661-1*+5H!3623&!P3-!?!5+6!%!#3!-X*!2.58F,!X1-F!61,[*1+-!73.-3Z!

!"#$%&'(")*+,-,.,)(#&.*/,0-.%1(23*
4/56*

/%"2$&.(7%8*&$#9(2%#2:$%*

;<(%$&$#9(#&.=*>$#9(2%#2:$%*

;?('2$(@:2%8=*>$#9(2%#2:$%*

Higher	  system	  integra6on	  effort	  

Lower	  system	  integra6on	  effort	  



Case	  Study	  1:	  Prin8ng	  Engines	  

•  Trend	  towards	  more	  distributed	  architecture	  with	  higher	  structural	  complexity	  and	  
significantly	  higher	  development	  cost*	  
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! "gb!

!

c3! 0*E8/-3! -F3! ,-./0-/.5H! 0*E8H3Z1-$! A*.! E*,-! H1W3H$! 75H/3,! 5+6! H1,-! -F3!

E35+(! E3615+! 5+6! <D! 83.03+-1H3! 75H/3,! A*.! ,-./0-/.5H! 0*E8H3Z1-$(! )! 5+6! 5H,*! 1-,!

0*+,-1-/3+-,!:)"(!)C(!)U=&!LF3!75H/3,!5.3!H1,-36!1+!-5#H3!e&;!#3H*X&!!
!

L5#H3!e&;\!)*E85.1,*+!*A!B-./0-/.5H!)*E8H3Z1-$!A*.!-X*!8.1+-1+2!,$,-3E,&!

!

cF1H3!/,1+2!-F3!E*,-!H1W3H$!3,-1E5-3,!1+6105-3,!5!;Dn!1+0.35,3!1+!,-./0-/.5H!

0*E8H3Z1-$! A*.! -F3! 2-=! 8.1+-1+2! ,$,-3E(! *-F3.! .38.3,3+-5-173! E35,/.3! *A! 03+-.5H!

-3+63+0$! H1W3! E35+! ,F*X,! 5! H1--H3! E*.3! -F5+! CDDn! 1+0.35,3! 1+! ,-./0-/.5H!

0*E8H3Z1-$&!@A!X3!/,3!-F3!<DY83.03+-1H3!E35,/.3!5,!-F3!.38.3,3+-5-173!75H/3!A.*E!5!

.1,W!E5+523E3+-!83.,830-173!oQ5.73$(!CDDDp(!-F3!1+0.35,3!1,!5#*/-!C"Un&!?!F12F3.(!

.12F-Y,W3X36! /+03.-51+-$! 0F5.50-3.1^5-1*+! H356,! -*! 373+! ,F5.83.! 1+0.35,3! 1+!

,-./0-/.5H! 0*E8H3Z1-$! 5,! X3! 0*+,163.! <DY83.03+-1H3! 75H/3,! A*.! 0*E85.1,*+(! 5,!

*88*,36! -*! -F3! E*,-! H1W3H$! 75H/3,! A*.! 0*E8*+3+-! 0*E8H3Z1-$&! M*-103! -F5-! -F3!

-*8*H*2105H!0*E8H3Z1-$(!)U!1,!E/0F!F12F3.!A*.!-F3!+3X!8.1+-!3+21+3!5+6!1-!588.*50F3,!

-F3! <! 8*1+-! 75H/3! *A! C! :,33! 0F58-3.! U=! 5+6! -F3! 5.0F1-30-/.3! -3+6,! -*! #3! E*.3!

61,-.1#/-36!1+!+5-/.3&!

JH35,3! +*-3! -F5-! -F3,3! -X*! 8.1+-1+2! ,$,-3E,! X3.3! I/1-3! 61AA3.3+-! A.*E! 5!

83.A*.E5+03! 03+-.10! 713X8*1+-! X1-F! -F3! 2-=! ,$,-3E! 1,! 5! E/0F! H5.23.! *+3! 5!

,12+1A105+-H$!F12F3.! -F.*/2F8/-!5+6!,-.10-3.!83.A*.E5+03! .321E3(! H3561+2! -*!F12FH$!

3+21+33.36! 0*E8*+3+-,!X1-F!E*.3!61,-.1#/-36!5.0F1-30-/.3&!LF1,! 1,! -F3! .35,*+! A*.!

1-,! ,12+1A105+-H$! F12F3.! ,-./0-/.5H! 0*E8H3Z1-$&! K12F3.! 0*E8H3Z1-$! F5,! H36! -*!

Connection type Interface factor, 1/c(k)
 

Physical Connection 0.07 
Mass 0.10 

Energy 0.15 
Information 0.18 

!

 C1 C2 C3 C CNew 

/COld Old   New  Old  New  Old New  Old  New  

Most Likely  110.2 169 55.68 102.78 1.36 1.804 185.93 354.42 1.9062 

Mean 125.62 213.6 63.29 130.6 1.36 1.804 211.69 449.2 2.122 

Median 124.47 211.84 62.46 128.62 1.36 1.804 209.42 443.88 2.12 

70 

percentile 
127 219 65.82 134.2 1.36 1.804 216.2 461.1 2.133 

!

Complexity	  =	  186	   Complexity	  =	  354	  

Complexity	  increase	  +90%	  

Old	   New	  



Case	  Study	  2:	  Aircra~	  Engines	  

Complexity+=+548+ Complexity+=+767+

•  Trend	  towards	  more	  distributed	  architecture	  with	  higher	  structural	  complexity	  and	  
significantly	  higher	  development	  cost*.	  Similar	  trend	  was	  observed	  in	  Prin8ng	  Systems.	  

 C1 C2 C3 C C/CML Cnew /Cold 
Old  New  Old  New  Old  New  Old  New  Old New 

Most Likely  161 188 126 184 1.51 1.69 351 499 1 1 1.42 

Mean 179 244 141 240.4 1.51 1.69 392 650.3 1.12 1.30 1.65 

Median 178 242 139 238.9 1.51 1.69 388 646.8 1.10 1.29 1.66 

70 percentile 181 247.9 145 246.2 1.51 1.69 399.6 663.94 1.14 1.33 1.66 

!
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Complexity	  increase	  +42%	  	  
Complexity	  =	  351	  

Complexity	  =	  499	  
Old	  

New	  



P	  point	  –	  complexity	  phase	  transi8on	  

Network	  Density	  (%)	   Network	  Density	  (%)	  

	  D
ia
m
et
er
	  

	  D
ia
m
et
er
	  

•  The	  P	  point	  on	  graph	  energy	  –	  density	  plot:	  Phase	  transi8on	  for	  complxity	  

•  At	   densi8es	   higher	   than	  P	   point,	   structural	   complexity	   increases	   but	   that	   does	   not	  
buy	  much	  improvement	  in	  terms	  of	  performance	  measures	  (e.g.,	  network	  diameter)	  
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• 	  	  	  	  	  Use	  equivalent	  random	  networks	  (Erdős–Rényi)	  as	  background.	  
	  

• 	  	  	  	  	  P-‐point	  has	  E(A)	  equivalent	  to	  fully	  connected	  system,	  and	  architectures	  become	  	  
	  	  	  	  	  	  rank-‐dense	  beyond	  this	  point	  (cri8cal	  for	  design).	  



36	  

Real	  Product	  Design	  and	  P-‐Point	  Complexity	  

!
iGen3 (digital printing system) 
 Xerox 

P-point is critical, because 
here DSM reaches full rank 

•  Can compare systems at same level of abstraction in this space 
•  Use equivalent random networks (Erdős–Rényi) as background (red curve) 
•  P-point has E(A) equivalent to fully connected system, critical for design 
•  If we go beyond the P-point in System Design will have diminishing returns 

V8-Engine 



Cri8cal	  Nodal	  Degree	  <k>cr	  =~	  6	  
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P 

P"

Distributed**
Architecture;*hyper1energe4c**
regime*

Hierarchical*and*centralized**
Architecture*

  
µcr ≥

4
n

; k
cr
≥ 4(1− 1

n
) and mcr ≥ 2(n−1)

! <g!

!
O12&!U&g\!h5.15-1*+!*A!0.1-105H!63+,1-$!5+6!0*..3,8*+61+2!573.523!632.33!X1-F!1+0.35,1+2!2.58F!,1^3&!

GB>!,-5+6,!A*.!G3,12+!B-./0-/.3!>5-.1Z!oB-3X5.6(!";b"]!'881+23.!5+6!%.*X+1+2(!CD"Cp!
!

@-!58835.,!-F5-!-F3!<!8*1+-!E12F-!,3.73!5,!5+!1E8*.-5+-!,$,-3E!5.0F1-30-1+2!

2/163H1+3! A*.! 3+21+33.36(! +3-X*.W36! ,$,-3E,&! !c3! 63A1+3! -F3!<! 8*1+-! 5,! 5! %#/"/%&'(

,*/2"(1+!-F3!2.58F!63+,1-$!,8503!5+6!63.173!1+-3.3,-1+2!#*/+6,!.3H5-36!-*!-F3!2.58F!

63+,1-$!5-!-F1,!8*1+-!:2.58F!63+,1-$!5-!<(8*1+-!1,!05HH36!-F3!0.1-105H!63+,1-$=&!

LF3!573.523!632.33!*A!2*2:?0,-#-2-#4-"/%!+3-X*.W,! 1,! H3,,! -F5+!-F1,!0.1-105H!

75H/3!*A!573.523!632.33!*A!+3-X*.W!*A!2173+!+/E#3.!*A!73.-103,&!!

M*X(!#5,36!*+!3I&!U&Cb(!X3!05+!X.1-3\!

  
!k"cr # 4(1$ 1

n
) !

  
!   µcr "

4
n

        (3.32) !
!

LF3.3A*.3(!5-!-F3!0.1-105H!63+,1-$(!-F3!0*..3,8*+61+2!+/E#3.!*A!H1+W,(! mcr !1,!2173+!5,\!

  

mcr = µcr

n(n!1)
2

      " 4
n

n(n!1)
2

      " 2(n!1)           (3.33)  

!!

LF3! 75.15-1*+! *A! 2.58F! 3+3.2$! X1-F! 63+,1-$! 1,! I/56.5-10! 1+! +5-/.3! 5+6!

-F3.3A*.3(!+32H30-1+2!,-5-1,-105H!75.15-1*+,(!X3!05+!E*63H!2.58F!3+3.2$!5,\!

  
k

cr
≈ 6 

! U"g!

!

5+6! ,-/6136! -F3! :A5! 7,&! A.=! 3+73H*83! A*.! 23+3.5H! .5+6*E!2.58F,&!LF3! 3+73H*83,! 5.3!

,F*X+! 1+! A12&! Q&U! :#=! 5+6! 1-! 58835.,! -F5-! -F3! */-X5.6! 2.*X-F! *A! -F3! 3+73H*83!

,5-/.5-3,! #3$*+6! -F3! 573.523! 632.33(! ~W}! a! g! :,33! A12&! K&U=&! LF1,! 5251+! 0*1+0163,!

X1-F!<!8*1+-!*+!-F3!2.58F!63+,1-$!8H*-&!!

!

O12&!K&U\!)F5.50-3.1^5-1*+!*A!:5=!-F3!<!8*1+-!*+!2.58F!3+3.2$!7,&!2.58F!63+,1-$!8H*-(!5+6!:#=!-F3!

+3-X*.W!.3,1H13+03!0*+-*/.!:A5!7,&!A.=!A*.!23+3.5H!.5+6*E!2.58F,!oh5H3+-3!-"(&';(!CDDSp!l!#3$*+6!-F3!

573.523!632.33!~W}!a!g(!-F3!1,!E1+1E5H!*/-X5.6!2.*X-F!*A!-F3!+3-X*.W!.3,1H13+03!3+73H*83&!

!

Z7";%( >*072=( "*1( X04.-7'( W7-M"M&/&$4&,( 70$&/&0*,0U( @+-/1-173H$(! 5! 0*E8H3Z!

+3-X*.W!1,!.*#/,-!1A!1-!W338,!1-,!#5,10!A/+0-1*+5H1-$!373+!/+63.!A51H/.3!*A!,*E3!*A!1-,!

0*E8*+3+-,!:3&2&(!+*63,=&!LF3!,-/6$!*A!.*#/,-+3,,!1+!+3-X*.W,!1,!1E8*.-5+-!#305/,3!

5! -F*.*/2F! /+63.,-5+61+2! *A! -F3! #3F571*.! *A! 03.-51+! 0H5,,3,! *A! +3-X*.W,! /+63.!

A51H/.3,! 5+6! 5--50W,!E5$!F3H8! -*! 8.*-30-! 1E8*.-5+-! ,$,-3E,! -F5-! ,3.73! -F3! ,*013-$!

oVH5/!Q&c&!5+6!c31,W1.0F3.!d(!CDDep&!LF1,!,30-1*+!:1=!63,0.1#3,!.*#/,-+3,,!,-5-1,-10,!

-F5-!3Z8H101-H$!0*+,163.!-F3!A51H/.3!8.*#5#1H1-13,!*A!,$,-3Em+3-X*.W!0*E8*+3+-,!5+6!

5.3! -F/,!E*.3!588.*8.15-3! -*!63,0.1#3!/+-5.23-36! 0*E8*+3+-! A51H/.3(! 5+6! :11=! H1+W!

-F5-! .*#/,-+3,,!,-5-1,-10! -*! -F3! -*8*H*2105H! 0*E8H3Z1-$!*A! -F3!,$,-3Em+3-X*.W&!LF3!

8.*#5#1H1,-10! .3,1H13+03! *A! 2.58Fm+3-X*.W! X5,! 8.*8*,36! 1+! oM5[[5.! 5+6! Q5/61*-(!

";;Dp!XF3.3!-F3!8.*#5#1H1-$!*A!61,0*++30-1*+!-F.*/2F!.5+6*E!+*63m73.-3Z!A51H/.3,!

X5,! 3Z5E1+36! A*.! 5! 0H5,,! *A! .32/H5.! +3-X*.W,&! LF3$! 63A1+3! -F3! 61,0*++30-1*+!

8.*#5#1H1-$!*A!5!+3-X*.W!Q!5,\!

! 

checking follows because, for the cases in which the
solution is determined by a combination of fa and fr, it
can be shown that if the optimal solution is a two-peak
distribution, then equality holds in (7), while if the opti-
mal solution is a three-peak distribution, equality (1) also
holds in addition to (7). Therefore the potentially optimal
values of pk! and pkm can always be expressed in terms of
the candidate k!.

In this Letter we have shown that the network con-
figurations that maximize the percolation threshold
under attack and/or random failures have at most three
distinct node degrees. From a practical point of view, both
engineered and naturally occurring networks have a di-
versity of factors influencing and constraining their
ultimate configuration. Nonetheless, the optimal con-
figurations we present provide a standard against
which the robustness of real networks can be com-
pared and act as an intuitive guide for network-robustness
engineering.

A. S. deeply appreciates the guidance and support of
Professor David Nelson and Professor X. Sunney Xie, as

well as the financial support of NSF (DMR-0231631) and
HMRL (DMR-0213805).
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FIG. 4 (color online). Simultaneous optimization against in-
tentional attacks and random failures. We take #k‘; km$ " #1; 8$.
To each combination of desired minimal network percolation
thresholds, fa under attack and fr under random failures,
corresponds an optimal network, i.e., one that also minimizes
hki. (a) These optimal networks can be divided into different
qualitative classes, illustrated using different colors: A—
Robustness to these #fa; fr$ pairs is not attainable due to the
km constraint. B—fr is the limiting constraint. There are two
node degrees present in these networks, k‘ and km. C—fa is the
limiting constraint. There are at most two distinct node degrees
in these networks, k‘ and k!. D—Both fa and fr affect the
optimal degree distribution. These networks still have just two
distinct node degrees, k‘ and k! (i.e., the potential third degree,
km, turns out to have zero frequency). E —As in D, both fa and
fr affect the optimal degree distribution but there are now
three distinct node degrees in the network, k‘, k!, and km.
(b) Contour plot of hki for the optimal networks. The hki "
km " 8 contour represents the maximum achievable robustness.
For comparison, the #fr; fa$ robustness thresholds of two real
networks were plotted: *, Western United States power grid
(exponential network); %, Internet router (power-law network).
For the power grid hki " 2:7 and for the internet hki " 2:5.
Note how the points fall below the respective optimal hki
contours.

P H Y S I C A L R E V I E W L E T T E R S week ending
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! 

Network	  resilience	  	  contour	  (fr	  vs.	  fa)	  
	  [Valente	  et	  al.,	  2004]	  
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a0"8&):#?&E)S#P,*M%4"-,&#

Embedded 

Software 

System A 

Embedded Software 

System B (New) 

[Whitney	  et	  al.,	  1999]	  

Use	   of	   P	   point	   as	   a	   system	   architec8ng	   guideline	   –	  
entering	  regime	  of	  diminishing	  returns	  



Complicatedness	  vs.	  Complexity	  

•  Complicatedness,	  	  

38	  

  b = g(complexity,modularity,novelty,cognitive bandwidth, ...)

Structural(Complexity((x)(

(((
(((
(((
((D

ev
.(C
os
t((
y)
(

Y=aXb(

Structural(Complexity( System(Development(Cost((

Complicatedness(

Complicatedness.

Complexity+

Modularity+or+design+encapsula5on+

Novelty+

Cultural+effects+

Cogni5ve+Capability+/+bandwidth+

Ramasesh	  and.	  Browning,	  2012	  (preprint)	  	  

Experiments	  suggested	  b~=	  1.5	  
	  
Implica8on:	  A	  42%	  increase	  in	  complexity	  
Will	  lead	  to	  a	  69%	  increase	  in	  R&D	  cost	  



Development	  Cost	  and	  “Complexity”	  
•  CoBRA	  (Aerospace	  Corp.,	  2008)	  –	  Complexity	  Index	  based	  on	  analysis	  of	  historical	  data.	  

•  Projects	  that	  were	  highly	  complex	  but	  tried	  to	  cut	  development	  cost	  had	  high	  failure	  rates	  
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Three	  Dimensions	  of	  Complexity	  
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Team	  structure,	  interac8on	  
Organiza8onal	  	  
Complexity	  

Distribute	  development	  effort	  

Conway’s	  law	  
(homomorphism)	  

Func8onal	  	  
Complexity	  

Structural	  	  
Complexity	  

Design	  Engineering	  

enables	  func8ons	  

Fu
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./B

eh
av
.	  

Em
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e	  

Customers	  
Compe8tors	  

requirements	  

NRE	  ($)	   Schedule	  

NRE	  Cost	  –	  Non-‐Recurrent	  Engineering	  Cost	  	  



We	  need	  to	  do	  Complexity	  Budge8ng	  

Complexity	  budget	  is	  the	  level	  of	  complexity	  that	  maximizes	  Value	  !	  
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Value	  func8on	  as	  the	  complexity	  price	  for	  
performance	  gain	  –	  Maximize	  V:	  

n:	  rate	  of	  performance	  gain	   m:	  complexity	  penalty	  
(Complicatedness)	  
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Iso-‐Complexity	  à	  how	  to	  allocate	  C?	  
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•  Once	   we	   set	   a	   complexity	   budget,	   there	   are	   different	   ways	   to	   distribute	   this	   total	  
structural	  complexity,	  C	  into	  its	  three	  components	  {C1,	  C2,	  C3}	  :	  IsoComplexity	  Surface	  
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,1E8H3! 5.0F1-30-/.3(! *.! :11=! ,1E8H3.! 0*E8*+3+-,! 5+6! E*.3! 0*E8H3Z! 5.0F1-30-/.3&!
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Iso-‐complexity	  surface:	  n	  =	  20	  components,	  assuming,	  
c1	  in	  [10,60];	  c2	  in	  [12,40]	  and	  C	  =	  100.	  	  

•  T radeoff	   be tween	   ( i )	   comp lex	  
components	  and	  simple	  architecture,	  or	  
(ii)	   simpler	   components	   and	   more	  
complex	  architecture.	  	  

•  Choice	   can	   be	   made	   depending	   on	  
complexity	   handling	   capabili8es	   of	   the	  
development	  organiza8on.	  E.g.	  
o  Excellent	  component	  designers	  
o  Systems	  integrators	  



Space	  Shu5le	  Life8me	  Cost	  (1971-‐2011)	  

•  Vision:	  par8ally	  reusable	  space	  vehicle	  with	  
quick	  turnaround	  and	  high	  flight	  rate	  

•  Actual:	  complex	  and	  fragile	  vehicle	  with	  
average	  cost	  of	  about	  $1.5B/flight	  (20,000	  workforce)	  

•  Why?	  
–  Congress	  capped	  RDT&E	  at	  $B5.15	  (1971)	  
–  Did	  not	  do	  complexity	  budge8ng	  
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C	   D	   I	   O	  
system	  

architecture	  
design	  

	  
tes8ng	  

manufacturing	  
	  

opera8ons	  
	  

What	  we	  wanted	  

What	  we	  got	  

IOC	  

	  Roger	  Pielke	  Jr	  &	  Radford	  Byerly,	  Shu5le	  programme	  
life8me	  cost,	  Nature	  472,	  38	  (07	  April	  2011)	  

$192B	  Total,	  135	  launches	  

Challenger	   Columbia	  



Why	  should	  we	  care	  about	  complexity?	  
	  

How	  do	  we	  quan8fy	  complexity?	  
	  

How	  to	  be5er	  manage	  complexity?	  
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Summary	  of	  key	  points	  

•  Structural	  complexity	  of	  cyber-‐physical	  systems	  has	  been	  increasing	  
steadily	  since	  industrial	  revolu8on	  

•  Driven	  by	  customer	  needs	  and	  compe88on	  à	  func8onal	  complexity	  
à	  structural	  complexity	  à	  organiza8onal	  complexity	  

•  Due	  to	  human	  cogni8ve	  bandwidth	  limita8on	  (magic	  7+/-‐2)	  à	  
Complicatedness	  drives	  super-‐linear	  cost	  in	  effort	  (b	  ~	  1.5)	  
–  Abstrac8on	  layers	  and	  decomposi8on	  into	  modules	  	  

•  A	  rigorous	  measure	  of	  complexity	  
–  Sa8sfies	  Weyuker’s	  criteria	  (1998)	  
–  C	  =	  C1+	  C2*C3;	  Graph	  Energy	  is	  a	  measure	  of	  topological	  complexity	  

•  Beger	  complexity-‐based	  management	  
–  P-‐Point	  is	  a	  cri8cal	  transi8on	  point	  
–  Cri8cal	  nodal	  degree	  <k>cr=6	  
–  Iso-‐complexity	  based	  budge8ng	  with	  clear	  targets	  
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